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1. INTRODUCTION
w xIn 1959, Ostrom and Wagner OW proved that if a collineation group
acts 2-transitively on the points of a finite projective plane, then the plane
is Desarguesian. This celebrated result inspired the study of projective
planes with transitive collineation groups. A collineation group acting
Ž .regularly i.e., sharply transitively on the points of a projective plane is
called a Singer group. Thus abelian transitive collineation groups are
w xSinger groups. In 1975, Ott O proved that a finite projective plane
admitting more than one cyclic Singer group is Desarguesian. Recently
w xMuller M , using the classification of finite simple groups, gave a newÈ
proof of Ott's result. It has been conjectured that the cyclic assumption in
Ott's result can be replaced by an abelian assumption. In this paper, we
give an affirmative answer to this conjecture in Theorem 1 below. Since
our argument does not use Ott's result or the classification of finite simple
groups, Ott's theorem is a consequence of our result.
THEOREM 1. A finite projecti¤e plane admitting more than one abelian
Singer group is Desarguesian.
Note that the collineation group generated by these Singer groups
contains the little projective group of the plane. An abelian Singer group
of a Desarguesian plane is cyclic. Our result gives support for the long
standing conjecture that an abelian Singer group is cyclic. The situation for
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Žw x.an infinite plane is very different. In 1964, Karzel K proved that an
infinite projective plane admitting a cyclic Singer group is non-Desargue-
sian.
Involutory collineations play an important role in the study of
collineation groups. When an involution is not a perspectivity, i.e., a Baer
involution, Theorem 2.3 below provides a tightly embedded subgroup.
With an additional condition a strongly embedded subgroup can be con-
structed.
The starting point of the proof of Theorem 1 is the following result,
which is of independent interest.
THEOREM 2. An abelian Singer group contained in a sol¤able collineation
group of a finite projecti¤e plane is always normal.
We now make some comments on the rest of the proof of Theorem 1. In
analyzing a collineation group G containing more than one abelian Singer
group, each involution of G may be assumed to be a Baer involution. So
the plane has square order. This implies, by Hall's multiplier theorem, that
an abelian Singer subgroup has an involutory multiplier. Consider the
subplane fixed pointwise by this multiplier and the subgroup of G leaving
invariant this subplane. If the restriction of this subgroup to this subplane
contains more than one abelian Singer subgroup, then induction applies.
From this the plane is proved to be Desarguesian. Otherwise, we prove
that the generalized Fitting subgroup of G has only one component, and it
contains a strongly embedded subgroup. This enables us to use the
Bender]Suzuki theorem. A final contradiction is reached by some combi-
natorial counting arguments.
2. DEFINITIONS, NOTATIONS, AND SOME
GENERAL RESULTS
Ž . 2For any number r, let ¤ r s r q r q 1. We use the term s-group to
mean planar Singer group in the rest of this paper. For an s-group S, the
multiplier group of S, which is the stabilizer of a point of the normalizer of
Ž .S in the full collineation group of P, is denoted by M S . The planar
order of S is the order of the projective plane on which S acts.
A subset D of a group S is a planar difference set if for each
nonidentity element z of S there exist a unique pair x, y g D such that
z s xyy1 and a unique pair c, d g D such that z s cy1d. In this paper we
write difference set to mean planar difference set. The study of a differ-
ence set of a finite group is equivalent to the study of a finite projective
plane P admitting an s-group isomorphic to S. A difference set of S
Ž w x.corresponds to a line of P see, e.g., HP .
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Ž . Ž Ž ..For a set of collineations H, let P H respectively, L H be the set
Ž .of common fixed points respectively, lines of elements of H, and let
Ž . Ž Ž . Ž ..Fix H be the set of fixed-point-line substructure P H , L H of H.
Ž .A collineation a is planar if Fix a is a subplane.
w xOur terminology in group theory is taken from G , that of the projective
w x w xplane is taken from HP , and that of the difference set is taken from B
w xor L .
LEMMA 2.1. Let G s KH be a finite group such that K s K = ??? = K1 r
is a normal subgroup of G and K , . . . , K are nonabelian simple groups. Let1 r
T be a subgroup of K. For i s 1, . . . , r, let T s t g K N ’ t g T such thati i i
4 Ž .t s t ??? t ??? t . Then T F T = ??? = T and T s TŁ K l K . If H1 i r 1 r i j/ i j i
normalizes T , then H normalizes T = ??? = T .1 r
Proof. It is clear that T F T = ??? = T . Next we prove T s1 r i
Ž .  4TŁ K l K . Let t s t ??? t g T and i g 1, . . . , r . Then t sj/ i j i 1 r i
Ž .y1 Ž .t Ł t . This shows that T F TŁ K l K . Conversely, supposej/ i j i j/ i j i
u s tŁ k g K , where k g K for j / i. Since K is a direct product,j/ i j i j j
Ž .this implies u s t and so TŁ K l K F T and the equality holds asi j/ i j i i
desired.
Since K , . . . , K are nonabelian simple groups, H permutes these1 r
Ž .h  4 Ž .hsubgroups. Let h g H. Suppose K s K for i g 1, . . . , r . Then Ti k i
Ž .h Ž .h ŽŽ .hŽ .h. Ž .h Ž .s TŁ K l K s T Ł K l K s TŁ K l K .j/ i j i j/ i j i j/ k j k
Ž .hTherefore T s T . So H permutes T , . . . , T . Hence H normalizesi k 1 r
T = ??? = T as desired.1 r
LEMMA 2.2. A collineation 2-group fixes at least one point.
Proof. This is because n2 q n q 1 is odd.
THEOREM 2.3. Let G be a collineation group with e¤en order. Let s be a
 Ž . Ž .4Baer in¤olution in G. Then K [ g g G N P g s P s is a tightly embed-
ded subgroup of G. If K contains all in¤olutions of H [ g g G N g lea¤es
Ž . 4P s in¤ariant , then H is a strongly embedded subgroup of G.
< x <Proof. Suppose K l K has even order. Let i be an involution in the
Ž . Ž . Ž . Ž x. xintersection. Then P i s P s as i g K, and P i s P s as i g K .
Ž . Ž x. Ž Ž .. x Ž .Hence P s s P s s P s . Therefore x leaves P s invariant.
Ž .So x is in H. Since K is the kernel of the action of H on P s , K is
normal in H. Hence K x s K. This proves that K is a tightly embedded
subgroup of G.
< x <Assume K contains all involutions of H. Suppose H l H has even
order. Let i be an involution in the intersection. Then i g K l K x. Thus
x g H from what we proved in the last paragraph. This proves that H is a
strongly embedded subgroup in G as desired.
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w xLEMMA 2.4 Ho2, 2.4 . Suppose U is a group of multipliers of an s-group
Ž . Ž . Ž . Ž .S. Then P U s C U . If P U / 1, then Fix U is a triangle or aS
subplane.
THEOREM 2.5. Let S be an s-group of a projecti¤e plane and let s be a
ww x x w xmultiplier of S. If S, s , s s 1, then S, s s 1.
Proof. We identify the points of the plane with the elements of S. By
w x Ž .way of contradiction, assume that S, s / 1. Let C s C s . By LemmaS
2.4, we see that C is a triangle or a subplane.
< <Suppose C / 3. Hence C is a subplane. Let l be a line of C. Thus the
elements of l form a difference set of S and E s l l C is a difference set
w xof C. Let x be a point on l but not in C. Thus 1 / x, s g C as
w xS, s F C by the hypothesis. Since E is a difference set of C, there exists
y1 s w x y1a, b g E such that 1 / x x s x, s s a b. Note that x g l, a line
fixed by s . So x s g ls s l. Hence, by the definition of a difference set, we
see that x s a. However, a g C and x f C. This contradiction proves that
< <C s 3. By Lemma 2.4, we see that this time C is a triangle. Let
 y14 y1 sC s 1, y, y , and let l be the line incident with y and y . Then l s l.
Let V be the set of points in l different from y and yy1. We define a
 4 w xfunction from V to C _ 1 by sending an element x g V to x, s . We
w x w xclaim this function is injective. Suppose x, s s z, s for x, z g V. Then
1 / xy1 x s s zy1 z s. Since l is fixed by s and x, z are points of l, so x s
and z s are points of l. Since the points of l form a difference set of S, we
obtain that x s z and so the function is injective as claimed. This implies
<  4 < < <that 2 s C _ 1 G V s n q 1 y 2 s n y 1. Therefore 3 G n. However,
Ž . Ž .¤ 2 s 7 and ¤ 3 s 13 are prime to 3. This contradicts the fact that
< < < < Ž .3 s C divides S s ¤ n . This contradiction proves Theorem 2.5.
Remark. In a plane of order 4, there is a nonabelian s-group of order
ww x x21. Let s be an element of order 7 in S. Then S, s , s s 1 but
w xS, s / 1. Note that s is not a multiplier.
COROLLARY 2.6. Let S be an abelian s-group and a a collineation
w x w xnormalizing S. If S, a , a s 1, then S, a s 1.
Proof. Since S is regular, the normalizer of S in the collineation group
can be expressed as the semidirect product of S with the stabilizer of a
point in the collineation group, which we can identify with the multiplier
group M of S. Thus a s xy, where x g S and y g M. By assumption, S is
w x w x w xabelian. This implies that S, a s S, y and it follows that 1 s S, a , a
w x w x w xs S, y, y . By Theorem 2.5, this implies S, y s 1. Hence S, a s 1 as
desired.
COROLLARY 2.7. Any two normal abelian s-groups in a collineation group
are equal.
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Proof. Suppose K and L are two normal abelian s-groups in a
w xcollineation group. Then K, L F K l L. Since L is abelian, this implies
ww x x w xK, L , L s 1. By 2.6, this implies K, L s 1. Hence L F K. Since both
L and K have the same group order, K s L as desired.
LEMMA 2.8. Suppose a collineation group acts transiti¤ely on the points of
a projecti¤e plane. Then a nontri¤ial element of an abelian normal subgroup of
this collineation group does not ha¤e any fixed point.
Proof. Let G be such a normal subgroup. As a normal subgroup of a
transitive group, all point orbits of G in the plane have a common
Žcardinality. Being a collineation group, G has a faithful point orbit see,
w x.e.g., HP, Corollary 1, p. 255 . Since G is abelian, this faithful orbit is a
< <regular orbit, and so it has cardinality G . Hence each point orbit of G has
< <cardinality G , and so each point orbit is regular. This proves Lemma 2.8.
3. PROOF OF THEOREM 2
In this section, let P be a projective plane of order n, and let S be an
abelian s-group of P. Suppose G is a solvable collineation group of P
< <containing S. We use induction on G to prove that S is normal in G.
The abelian group S acts regularly on the points of P. Thus a
collineation, which commutes with all elements of S, belongs to S. Also
G s SG , S l G s 1, where G is the stabilizer of a point X of P. ByX X X
way of contradiction, we assume that S is not normal. The rest of the
proof is divided into three steps.
STEP 1. S contains all minimal normal subgroups of G.
Proof. Let N be a minimal normal subgroup of G. By way of contra-
diction, assume N is not contained in S. Since G is solvable, N is an
< <elementary abelian p-subgroup for some prime p. By Lemma 2.8, N
Ž . < <divides ¤ n s S .
Suppose G / SN. Then induction implies that S is normal in SN. Hence
w x ww x xS, N F S l N. As N is abelian, this implies S, N , N s 1. Hence
w xS, N s 1 by Corollary 2.6. This implies that N F S, a contradiction.
Therefore G s SN. Hence S acts irreducibly on N. This implies that
< < < <S l N s 1. Let P be a Sylow p-subgroup of S. From N divides S , we
Ž .see that P / 1. So C P / 1 as N is a p-group. Since S is abelian,N
Ž .C P is S-invariant. Thus the irreducible action of S on N implies thatN
Ž . Ž . Ž .C P s N. From G s SN, we obtain that P F Z G as S is abelian ,N
Ž .and PN is an abelian normal Sylow p-subgroup of G as N is normal .
< < < < < <From G s SN and S l N s 1, we obtain N s G: S s G . Since PNX
is the unique Sylow p-subgroup, this implies 1 / G F PN. However, thisX
contradicts Lemma 2.8. This contradiction establishes Step 1.
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STEP 2. S contains all normal p-subgroups of G for any prime p.
Proof. Let p be a prime and let P be a normal p-subgroup of G with
minimal order subject to P Fu S. Since P is normal in SP, we may assume
< <G s SP by induction on G .
Let E s S l P. Since P9 is a normal subgroup of G in P, the minimal-
< <ity of P shows that P9 F S. Hence P9 F E. So E is a normal subgroup of
P. As S is abelian and G s SP, this implies that E is normal in G.
Since S is not normal in G, there is a conjugate S of S not equal to S.1
Let T be the subgroup generated by S and S . We contend that T s G.1
Ž .Suppose T / G. Since S F T , T s T l G s T l SP s S T l P . From
Ž .E F S - T and T s S T l P , we see that E - T l P. As P is normal in
G, so T l P is normal in T. Since T - G, induction implies that T l P F S.
But this forces T l P s S l P s E, which contradicts T l P ) E. This
contradiction establishes T s G.
Since E F S and E is normal in G, so E F S . This implies that1
Ž .E F Z G as S is abelian. The Frattini subgroup of P is a proper subgroup
< <of P normal in G. The minimality of P shows that this Frattini subgroup
is in S. Hence it is in E. Therefore PrE is an elementary abelian p-group.
< < < < < < < <From SP s G s SG , we obtain G s G : S s SP : S s P : S l P sX X
< <P : E . In particular, G is a p-group.X
Ž < <.Let Q be a Sylow p-subgroup of S. Suppose Q s 1. Then p, S s 1.
< < < <Thus E s 1 and P s G . So P s G by Sylow's theorem as P isX X
normal. However, now G being a normal subgroup implies G s 1,X X
which is a contradiction. This proves that Q / 1. Since P is a normal
p-subgroup in G s SP and S is abelian, QP is a normal Sylow p-subgroup
of G. Hence G F QP.X
Let F be the image of a subset F of G under the natural homomor-
phism from G to GrE. Then G s SP and S l P s 1. Since S l G s 1X
and E F S, so E l G s 1. Hence G ( G .X X X
Ž .We now prove Q F Z G . Suppose Q does not centralize P. Then
Ž . Ž .C Q is a nontrivial proper subgroup as these two groups are p-groupsP
Ž .of P normalized by S as S is abelian . Let R be the preimage of this
subgroup. Since P9 F E F R and R - P, R is a nontrivial proper normal
subgroup of P. As R is S-invariant, R is S-invariant. Hence R is normal in
< <SP s G. The minimality of P implies that R F S. However, this forces
R F S l P s E and so R s 1, a contradiction. This contradiction proves
w x w xthat Q, P s 1. Thus Q, P F E. Since E F Q, this implies that P nor-
malizes Q. Since G s SP and S is abelian, this shows that Q is normal in
² :G. Hence Q is in the conjugate S of S. As G s S, S , we see that1 1
Ž .Q F Z G .
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We now prove that PQ is abelian. Suppose S l G / 1. Let W be theX
Ž .preimage of this group. Then E - W. From W s W l EG s E W l G ,X X
we see that W l G / 1. However, this contradicts the fact that W F SX
< <and S l G s 1. This contradiction proves S l G s 1. Therefore G sX X X
< < < < < <G s G : S s P . Next we note that Q G E s S l P G Q l P. So Q lX
< < < < < <P F E. Thus E s S l P s Q l P. Hence QP s Q P : Q l P s
< < < < < < < < < < < <Q P : E s Q P s Q G . Since QG F QP, this implies QG sX X X
QP. As 1 s S l G G Q l G , we see that G ( QG rQ s QPrQ (X X X X
Ž . Ž .Pr Q l P s P, an elementary abelian p-group. From Q F Z G , QP s
QG , and G is abelian, we see that QP is abelian as claimed.X X
Thus an element in QP does not have a fixed point in P by Lemma 2.8.
However, this contradicts 1 / G F QP. This contradiction establishesX
Step 2.
STEP 3. Final contradiction.
Ž .Proof. By Step 2, S contains F G , the Fitting subgroup of G. Since S
Ž Ž .. Ž Ž .. Ž .is abelian, this implies S F C F G . As G is solvable, C F G F F GG G
Ž w x. Ž Ž .. Ž .see, e.g., Theorem 1.3, p. 218 of G . Hence S F C F G F F G F S.G
Ž .Therefore S s F G , which is a normal subgroup of G. This final contra-
diction proves Theorem 2.
4. SOME CONSEQUENCES OF THEOREM 2
COROLLARY 4.1. Let G be a collineation group. If G contains a normal
abelian s-group, then this subgroup is the only abelian s-group contained in G.
Proof. Let S be an abelian normal s-group of G. Suppose T is any
abelian s-group of G. Then ST is a solvable subgroup of G. By Theorem
2, T is normal in ST. So S and T are two abelian normal s-groups of ST.
By 2.7, S s T as desired.
Ž .Remark. PG 2, 4 admits a cyclic Singer group and a noncyclic Singer
group. Also 4.1 does not claim that S contains all semiregular collineation
subgroups of G.
LEMMA 4.2. Let G be a collineation group. Suppose that G contains more
than one abelian s-group. Then any abelian s-group of G is not normal. Also
G is not sol¤able and a Sylow 2-subgroup of G is not cyclic.
Proof. Let S be an abelian s-group of G. By 4.1, S is not normal in G.
< <So G is not solvable by Theorem 2. Therefore 2 divides G , by the
w x w xcelebrated Feit]Thompson theorem FT . A result of Burnside G shows
that a Sylow 2-subgroup of G is not cyclic.
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LEMMA 4.3. Let S be an abelian s-group, and let Q be a collineation
group normalized by S. Then S centralizes Q if one of the following holds:
Ž .1 Q is abelian.
Ž . < < < <2 Q is prime to S .
Ž . 23 n s m and Q is nilpotent.
< <Proof. Induction on Q shows that we may assume that Q is a p-group
for a prime p when Q is nilpotent.
< < < < < <If Q is prime to S , then for any prime divisor p of Q there is a Sylow
p-subgroup of Q invariant under S. Thus in this case it suffices to prove
that S centralizes this Sylow p-subgroup of Q.
Therefore, in all cases, we may assume that Q is a p-group, which we do
in the rest of this proof. This implies that SQ is solvable. Hence S is
normal in SQ by Theorem 2.
< < < < w xSuppose Q is prime to S . Then S, Q F S l Q s 1 as desired.
w x w x w xNext suppose Q is abelian. Then S, Q, Q F Q, Q s 1. Hence S, Q
s 1 by 2.6.
Ž . 2Finally, suppose Q is a p-group i.e., the nilpotent case and n s m .
Observe that S is the direct product of S and S , where S is a Sylowp p9 p
p-subgroup of S and S has order prime to p. Since S is normal in SQ,p9
w xS is also normal. Hence S , Q F S l Q s 1. The action of S on thep9 p9 p9 p
p-group Q shows that S leaves invariant a subgroup T of Q with index pp
in Q. Thus S leaves invariant T. So S centralizes T by induction. Hence
T F S. By way of contradiction we assume that S does not centralize Q. In
< < < <particular, Q is not in S. Thus SQ s S p as S l Q s T has index p in
Q. Now observe that SQ s SH, where H is the stabilizer of a point of SQ.
< <Hence S l H s 1. So H s p. Let h be a generator of H. We can identify
Ž .h as a multiplier of S i.e., action by conjugation . Note that the action of
H on S is the same as Q on S via conjugation.
Since n s m2, S is the direct product of two subgroups of coprime
Ž . Ž .orders ¤ m and ¤ m y 1 respectively. Since Q centralizes S of S andp9
Ž .at least a subgroup of order p in S , the group order of C h is at leastp S
 Ž . Ž .4 < Ž . < Ž . Ž .p¤ , where ¤ g ¤ m , ¤ m y 1 . As p G 3, C h G 3¤ m y 1 ) ¤ m .S
This implies that h is planar and fixes more points than a Baer subplane, a
contradiction. This contradiction proves that S centralizes Q as desired.
Ž 7.Remark 4.4. In PG 2, 2 , there is a multiplier f of order 7 of the cyclic
² :Singer group S s S = S . Then Q s S f is a nilpotent subgroup of7 7 9 7
order 73, not abelian, normalized but not centralized by S. Note that 27 is
not a square.
Ž 2 .In PG 2, q , let f be the involutory multiplier of the cyclic Singer
w ² :x² :group S. Then S, f f s Q is normalized by S but not centralized by
S. Note that Q is solvable but not nilpotent. These examples show that
Ž .Lemma 4.3 3 is in some sense best possible.
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5. PROOF OF THEOREM 1
In this section, let P be a projective plane of order n, admitting a
collineation group G, which contains more than one abelian s-group. We
show that P is Desarguesian. By way of contradiction we may assume that
P is non-Desarguesian.
STEP 1. Each in¤olution in G is a Baer in¤olution.
Proof. Suppose an involution is not a Baer involution, then it is a
Ž w x.perspectivity see, e.g., HP . Since G acts transitively on the points of P,
P is Desarguesian and G contains the little projective group of P, in this
w xcase by a result of Wagner HP, p. 260 . This shows that we may assume
that each involution in G is a Baer involution.
STEP 2. We ha¤e n s m2 for some positi¤e integer m. Let S be an abelian
Ž .s-subgroup of G. Then the Sylow 2-subgroup of the multiplier group M S of S
Ž . Ž Ž .is a direct factor of M S , and is a nontri¤ial cyclic group. Note that M S
.may not be in G.
Proof. By 4.2 and Step 1, G contains a Baer involution. So n s m2.
w x 3Since S is abelian, Hall's multiplier theorem HP shows that m induces a
wmultiplier of order 2. The second conclusion in Step 2 is a result in Ho2,
xTheorem 3 .
Ž .STEP 3. Let s be the unique in¤olution in M S . Then s normalizes at
least two conjugates of S in the full collineation group L of P.
L Ž .  g g 4Proof. For t g s , let W t s S N g g L and S is normalized by t .
Ž . LWe now compute the cardinality k of the set t , U N t g s and U g
Ž .4 < Ž . < < Ž . <W t in two ways. Let e s W s . Then k s L : C s e. Next let fL
Ž . < <be the number of involutions in N s N S . Then k s L : N f andL
< Ž . < < Ž . < < < < < < Ž . <f s N : C s . Thus L : C s e s k s L : N f s L : N N : C s sN L N
< Ž . <L : C s .N
< Ž . < < Ž . <Suppose e s 1. Then the last equation reads L : C s s L : C s ,L N
Ž . Ž . < <which implies C s s C s . Since S is odd, a Sylow 2-subgroup ofL N
Ž . Ž .M S is a Sylow 2-subgroup of N. As s is the unique involution in M S ,
Ž . Ž .a Sylow 2-subgroup of C s is a Sylow 2-subgroup of M S , which isN
Ž . Ž Ž . .cyclic. Thus C s s C s in the present situation has a cyclic SylowL N
2-subgroup H. Let K be a Sylow 2-subgroup of L containing H. If
Ž . Ž .s f Z K , then an involution in Z K will be different from s and is in
Ž . Ž .C s . However, this contradicts the fact that C s has a cyclic SylowL L
Ž . Ž .2-subgroup. This contradiction proves that s g Z K . Hence K F C s ,L
Žand K is cyclic. However, L has a noncyclic Sylow 2-subgroup by 4.2. This
.is because L contains more than one abelian s-group as L G G. This
contradiction proves e / 1. Hence s normalizes more than one conjugate
of S in L and Step 3 is established.
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Ž . Ž .We now introduce some notation. Let V s Fix s , B s C s . Sup-S
pose X is a collineation group containing more than one abelian s-group,
Ž .  < 4 Ž .and S F X. Let U X s x g X x leaves V invariant . Then B F U X .
Ž . Ž Ž ..Let B respectively, U be the restriction of B respectively, U X on V.1 1
w x Ž .By Ho1 , B is an abelian s-group of V. Let W X be the kernel of the1
Ž .action of U X on V.
STEP 4. If B is not normal in U , then P is Desarguesian.1 1
Proof. Suppose B is not normal in U . By induction on the planar1 1
Ž .order, we see that V is a Desarguesian plane, say PG 2, q , where q is a
Ž .power of a prime. Also U contains a subgroup U isomorphic to PSL 3, q1 2
acting naturally on V and m s q.
Case 1: q s even. In this case U contains an elementary abelian1
2-subgroup R of order q2 consisting of elations of V with a common axis1
a l V, where a is a line of P. Let R be a Sylow 2-subgroup of the
Ž . Ž Ž ..preimage of R in U X . Thus Rr R l W X ( R , and R fixes each1 1
point of a l V. Let y g R. Suppose y fixes one point in a outside of V.
2 Ž . 2 2Since y is in W X , y is planar. As y fixes more than m q 1 points on
the line a , y2 s 1. If y / 1, then y is a Baer involution. However, y fixes
more than m q 1 points on a , which is impossible. This proves that y s 1.
Therefore R acts fixed point freely on the q2 y q points of a outside V.
< < 2 < < 2Hence R divides q y q, which contradicts to the fact that R G q . This
contradiction proves that case 1 cannot occur.
Case 2: q s odd. In this case U contains a subgroup R isomorphic to2 1
Ž .SL 2, q such that it leaves invariant a line a and elements of prime order
dividing q are elations of V with axis different from a l V. Let R be the
Ž .preimage of R in U X . Then R leaves invariant the line a . Let y be an1
element of prime order p of R. Suppose y fixes one point Y on a outside
p Ž .V. Then y , being in W X , is planar. It fixes Y and the points on a l V.
This implies that y p s 1. Suppose p s 2. Then y is a Baer involution
fixing Y and the points a l V. So y fixes at least m q 1 points on a ,
which is impossible. Therefore p / 2.
Assume p divides q. Let the set of the q2 y q points on a outside V be
b. Since p does not divide q2 y q y 1, y must fix at least one point in b
Ž .different from Y. Now y induces an elation in U with its axis a y l V1
Ž Ž . . Ž Ž . Ž . .where a y is a line different from a l V. Thus P y l V s a y l V.
So y fixes the points of its axis in V and at least two points in b. This
Ž . Žimplies that y is planar. Since U ( PSL 3, q , all root subgroups of order2
.q of U are conjugated. In fact, all subgroups of order p generated by2
elations of U are conjugated in U . There is a subgroup T of order q2 of1 1 1
Ž .U , whose nontrivial elements are elations with the common axis a y l V2
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² : Ž . 2and T is covered by conjugates of y in U X . Since there are q1
2 Ž .elements of T and only q y q points G on a y outside V, some1
element z / 1 of T must fix at least one point on G. However, we know y1
Ž ² : ² :.is planar as z is conjugated to y , and fixes all q q 1 points of
Ž .a y l V. So this planar element z must be 1. This contradiction proves
that the order of the stabilizer H of a point of the action of R on b is
Ž .prime to q and 2. Thus the image H of H in RrW X also has order1
Ž . Ž .prime to q and 2. Since RrW X ( SL 2, q , this implies that H is a1
Ž . Ž . Žcyclic subgroup of order dividing q q 1 r2, if q ’ 3 mod 4 , and q y
. Ž . Ž w x w x. < < Ž .1 r2, if q ’ 1 mod 4 see, e.g., Hu or Su . As H divides q " 1 r2,1
< < Ž . < <so in either one of these cases R : H ) q q y 1 s b . This shows that
< <the size of a point orbit of R in b is strictly bigger than b , which is
impossible. This contradiction proves that Case 2 cannot occur. The proof
of Step 4 is now complete.
Ž .By Step 3, s normalizes S and at least one conjugate S / S of S. In1
proving P to be Desarguesian, we may assume G is generated by S and
S , since this subgroup contains more than one abelian s-group. Note that1
< < 2G is normalized by s . We use induction on G and n. By Step 1, n s m .
Ž .So by 4.3, both S and S centralize F G , the Fitting subgroup of G.1
Ž . Ž . Ž .Hence F G F Z G . In particular, F G is in S.
Ž .Let E G be the layer of G, i.e., the unique normal subgroup of G
Ž .which is maximal subject to being semisimple. We claim that E G / 1.
Ž . Ž . Ž .Deny this. Then F* G s F G , where F* G is the generalized Fitting
Ž w x.subgroup of G. From this and Bender's result see, e.g., 6, p. 17 , that
Ž Ž .. Ž . Ž Ž .. Ž .C F* G F F* G , we obtain C F G F F G . However, we knowG G
Ž . Ž . Ž Ž .. Ž .that F G F Z G . So G s C F G F F G . Thus G is nilpotent. ThisG
Ž .contradicts Theorem 2. Therefore E G / 1 as asserted.
Ž Ž .. Ž Ž ..Since Z E G F S, Z E G has odd order. If S centralizes an involu-
Ž .tion i, then S will act on the Fix i , which is a Baer subplane by Step 1.
But this contradicts the fact that S is transitive on the points of P. Hence
S does not centralize any involution in the full collineation group of P.
Ž .This implies that S does not centralize E G .
Ž . Ž .Suppose S is normal in F* G S. Since S G C S , this will imply thatG
Ž . Ž . w x Ž .F* G S F MS, where M s G l M S . By Ho2, Theorem 3 , M S is
Ž .solvable. Hence SM is solvable as S is abelian. So F* G is also solvable.
Ž . Ž .However, this contradicts E G / 1. Thus F* G S contains more than
Ž .one abelian s-group. By induction, we may assume that G s F* G S s
Ž .E G S, and S acts transitively on the set of components of G. Note that
Ž . Ž .F* G S is normalized by s . Now Z G acts semiregularly on the fixed
points of any involution of G. Since an involution is a Baer involution by
< Ž . < < < Ž .Step 1, this implies that Z G divides n q m q 1 s B . So Z G F B as
B is the Hall subgroup of S of order n q m q 1. From now on, we assume,
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by Step 4, that B is normal in G . For a subset Y : G, let Y s1 1
Ž . Ž .YZ G rZ G .
Ž .STEP 5. Let F F S but F is not in Z G . Then F is not normal in G, and
Ž . Ž .N F F N S .G G
Proof. Suppose F is normal in G. Then F is also normalized by every
Ž .s-group in G. This implies F F Z G , a contradiction. This contradiction
Ž . Ž .proves that N F - G. On the other hand, S F N F . So, by induction,G G
Ž .S is normal in N F as desired.G
Ž . Ž Ž ..STEP 6. E G rZ E G is simple.
Ž . Ž Ž ..Proof. Note that E G rZ E G ( E G s E = ??? = E , whereŽ . 1 r
Ž .  4E , . . . , E are the components of E G . Then S acts on 1, . . . , r induced1 r
by the conjugation of S. Observe G s E G S. Let H be the stabilizer of aŽ .
point of the plane in G. Then G s HS and H l S s 1. Thus G s HS,
H l S s 1, and H ( H. We divide the proof into two cases:
< < < < < <Case 1: E G l S s 1. In this case E G s G : S s H . By way ofŽ . Ž .
contradiction, assume r G 2.
Suppose H F E G . Then H s E G , by comparing their orders. SinceŽ . Ž .
Ž . Ž . Ž . Ž . Ž . Ž .Z G F S, HZ G s H = Z G . So E G F H = Z G . Thus E G s
Ž . < Ž . < < < < < < Ž . <E G 9 F H9 F H. In particular, E G F H . However, E G F E GŽ .
< < < < < < < Ž . < < < Ž .F H s H s E G . This implies E G s H . So H s E G is a nor-Ž .
mal subgroup of G. Hence G acts on the set of fixed points of H. This set
is not empty as H fixes at least one point by definition. This set cannot be
the set of all points of the plane as H / 1. Hence G acts on this proper
subset of points, which contradicts the transitivity of G. This contradiction
proves that E G does not contain H.Ž .
Thus 1 / HE G r E G , which is isomorphic to a subgroup of theŽ . Ž .
< < < <abelian group Gr E G ( S. Now HE G r E G s HrH l E G di-Ž . Ž . Ž . Ž .
< < < < < <vides H . Hence H and S have a common odd prime divisor p. Let P
be a Sylow p-subgroup of S, and let R be a Sylow p-subgroup of G
containing P. Then R l E G s R = ??? = R , where R F E for i sŽ . 1 r i i
1, . . . , r. Let x be a p-element of S such that x is an element of order p in
P. Then x is not in E G .Ž .
Suppose x normalizes R . Then x normalizes R for i s 1, . . . , r. Hence1 i
x centralizes an element x in the center of R of order p for i s 1, . . . , r.i i
rq1² :Thus x, x , . . . , x is an elementary abelian p-group of order p as x is1 r
² : Ž . Ž .not in R = ??? = R . Let V s x, x , . . . , x . Since VZ G rZ G is an1 r 1 r
w x Ž . w xelementary abelian p-group, V, V F Z G . Hence V, V, V s 1 and V is
Ž . Ž . Ž .nilpotent of class at most 2. So V s O V = O V , where O V Fp p9 p9
Ž .Z V . Thus we may assume, replacing each of x, x , . . . , x by a power of1 r
itself if necessary, that V is a p-group of nilpotent class at most 2. Thus
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the commutation in V induces a symplectic form for the vector space V
over a field of p-elements. Since the dimension of V is 1 q r G 1 q 2 s 3,
H H ² :the dimension of x is at least 2. Therefore x l x , . . . , x / 1. Hence1 r
² :there is z g x , . . . , x , such that z / 1, and z centralizes x. Since1 r
Ž . Ž . Ž . w xx g S _ Z G as x / 1 , Step 5 implies z g N S . Thus S, z F S. SoG
w x w xS, z F S. However, z g E G . Therefore S, z F S l E G s 1. ThisŽ . Ž .
w x Ž . w ximplies S, z F Z G . Hence S, z, z s 1. So z centralizes S by 2.6. Thus
z g S. But this implies z g S l E G s 1, a contradiction. This contradic-Ž .
tion proves that x does not normalize R .1
py 1x xLet i be an involution in E . Then i , . . . , i belong to distinct1
components. So they commute with each other. Thus x centralizes the
py 1x x < Ž . <involution d s i ??? i . Since E is simple and Z E is odd, Ei 1 1 1
contains an elementary abelian group F of order 4. The above argument
shows that x centralizes d for all involutions j g F. Hence x centralizes aj
Ž Ž ..4-group in E G . Since Z E G has odd order, x centralizes a 4-group WŽ .
Ž .in E G .
Ž . Ž .Let C s C x . Then C contains W and S. By Step 5, C F N S .G G
Ž .However, this contradicts the fact that the Sylow 2-subgroup of M S is
cyclic by Step 2. This contradiction proves that Case 1 cannot occur if
r G 2. We now turn to Case 2.
Case 2: S l E G / 1. Let D s S l E G , and let D be the projec-Ž . Ž . i
 4tion of D to E for i g 1, . . . , r . Since S is abelian, S normalizes D. Byi
2.1, S normalizes R s D = ??? = D . Since S is abelian, R is abelian. Let1 r
Ž .R be the complete preimage of R. As RrZ G s R is abelian, so R is
nilpotent. Since S normalizes R, S normalizes R. This implies, by Step 2
and 4.3, that S centralizes R. So R F S and D F S. The commutativity of1
 4S now implies that it fixes 1 g 1, . . . , r . So r s 1 by the transitive action
 4of S on 1, . . . , r .
Ž . Ž Ž ..Therefore r s 1 in both Case 1 and Case 2. So E G rZ E G is simple
as desired.
Ž .STEP 7. We may assume Z G does not contain any subgroup of order
n q m q 1.
Ž .Proof. Let Z s Z G . Then Z F S. Suppose Z contains a subgroup of
order n q m q 1. Then the stabilizer of a point in G, which contains an
involution, fixes pointwise a subplane of at least n q m q 1 points. This
< <implies Z s n q m q 1. Thus each point orbit of Z is a Baer subplane.
Hence the stabilizer of a point in G fixes pointwise a Baer subplane. So by
2.2, a Sylow 2-subgroup of G fixes pointwise a Baer subplane. Let i be an
 < Ž .4involution of G. Let H [ g g G g leaves invariant Fix i . Let j be an
Ž .involution of H. Then j fixes one point in Fix i . The action of Z implies
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Ž .that j fixes Fix i pointwise. By 2.3, this implies that H is a strongly
< < Ž . Žembedded subgroup of G. Since S s odd, E s E G ZrZ which is a
.nonabelian simple group by Step 6 has a strongly embedded subgroup
Ž . Ž . Ž .HZrZ. Hence E is isomorphic to L q , Sz q , or U q , where q is a2 3
power of 2 by the Bender]Suzuki theorem. Note that E is generated by
Ž .two Sylow 2-subgroups. Thus E G is generated by two Sylow 2-subgroups
Ž . Ž .and its center. As E G is perfect, this implies that E G is generated by
Ž .two Sylow 2-subgroups. If two Sylow 2-subgroups of E G have a common
Ž . Ž .fixed point recall Z is central with odd order , then E G will have a fixed
Ž .point. This implies that S will act on the fixed-point set of E G , which is
Ža proper subset of points of the plane. This set cannot be the point set of
Ž . .the plane as E G / 1. This contradicts that S acts transitively on the
Ž .points of the plane. Hence different Sylow 2-subgroups of E G have
Ž .disjoint fixed point sets. Since S permutes the Sylow 2-subgroups of E G ,
Ž .S acts on the union of the fixed points of Sylow 2-subgroups of E G . The
transitivity of S on the points of the plane implies that the set of points of
Ž .the plane is the disjoint union of the fixed points of the Sylow 2-sub-
Ž . 2 Žgroups of E G . Hence n q n q 1 s number of Sylow 2-subgroups in
Ž ..Ž . Ž .E G n q m q 1 . The number of Sylow 2-subgroups of E G equals the
number of Sylow 2-subgroups of E. This number is qi q 1, where i s 1 if
Ž . Ž . Ž . 2E ( L q ; i s 2 if E ( Sz q ; and i s 3 if E ( U q . Therefore n q2 3
Ž i .Ž . i in q 1 s q q 1 n q m q 1 . So q q 1 s n y m q 1. Hence q s
Ž .n y m s m m y 1 . However, q is power of 2. The last equation implies
that m s 2 and so n s 4. As any plane of order 4 is Desarguesian, we may
< <assume Z / n q m q 1 as asserted.
Ž . Ž . Recall V s Fix s . Let U [ U G s g g G N g leaves invariant the
4 Ž .  < 4Baer subplane V , W [ W G s g g G g pointwise fixes V , and Y s
Ž . Ž .YZ G rZ G . Set V s BW. Since s normalizes a Sylow 2-subgroup of G
Ž . < < Ž . Ž . Ž .and C s F U, U / 1. By Step 7, B › Z G . So N B F N S by2G G G
w xStep 5. For the convenience of the reader, we record Theorem 2.4 of Ho3
here.
THEOREM I. A multiplier of an abelian Singer group fixes pointwise a Baer
subplane if and only if it is an in¤olution.
< <STEP 8. W / 1.2
< < < Ž . <Proof. Suppose W s 1. We shall show that N B s 1. Deny this,2 2U
Ž . Ž . Ž . Ž .and let j be an involution in N B . Now N B F N B F N S . SinceU U G G
j fixes at least one point, we can identify j as an element of the multiplier
Ž . < Ž . <group of S. As C j is a Baer subplane, C j s n q m q 1. ThisS S
Ž .implies C j s B. From j g U, we see that j fixes at least one point in V.S
Since B centralizes j and B acts transitively on the points of V, this
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< <implies that j fixes every point of V. So j g W, which contradicts W
< Ž . <being odd. This contradiction proves that N B is odd as claimed.U
Ž . Ž Ž ..Let i be an involution of U. Since Z G F B, B l WZ G s
Ž . Ž . Ž . Ž< < < <.W l B Z G s Z G as W l B s 1. Assume W , B s 1. Then all
complements of W in V are conjugated by V s BW, whence by W. So the
number of these complements is odd. As i acts on these complements, i
normalizes one of these complements, which we may assume to be B. As
Ž . < Ž . <Z G F B, this implies that i normalizes B. This contradicts N B s 1.2U
< < < <Therefore there is a prime p dividing both B and W . Let Q be a Sylow
p-subgroup of B, and let R be a Sylow p-subgroup of V containing Q.
Since W is normal in V, R l W is a Sylow p-subgroup of W normalized by
Q. Choose a Sylow p-subgroup T of W such that T s R l W. Now
Ž .C Q / 1. Let x g B with 1 / x g Q, and t g T F W with 1 / t g TT
w x w x Ž . w xsuch that 1 s x, t . Then x, t g Z G . However, t g T F W. So x, t g
w x Ž . Ž .W. Hence x, t g W l Z G s 1. Since x is not in Z G , Step 5 implies
Ž .that t g N S . But t g W. So t fixes a Bear subplane pointwise and weG
may identify t with an element of the multiplier group of S. By Theorem I,
< <we obtain that t has order 2, which contradicts W being odd. This
contradiction establishes Step 8.
STEP 9. All in¤olutions of U belong to W.
Proof. Deny this. Let i be an involution of U outside W. For a subset Y
Ã Ã Ã² : ² :of U, s s U s , let Y [ YWrW. Recall B is a normal subgroup of U
Ã ÃŽby Step 4. So B is an abelian Singer group of V. The elements of B can
Ã Ã.be identified with the points of V. Since i / 1, i can be viewed as an
Ã ÃŽ .involutory multiplier of B. Thus C i is a Baer subplane of groupal orderÃB
Ã Ã' 'w xm q m q 1, and B, i is an arc subgroup of order m y m q 1 in-
Ã Ž w x.verted by i see, e.g., Ho1, Theorem B . Since B l W s 1, there is a
Ã Ã Ã 'w x < <subgroup J F B such that J s B, i . Note that J s m y m q 1. From$ $
Ã 'Ž . Ž . < Ž . < < <Z G F B and Z G F C i , we obtain Z G s Z G divides m q mŽ . Ž .ÃB
< < < Ž . < Ž .q 1. This implies that J is prime to Z G . So J l Z G s 1. We now
study the action of J on W.
< < < <First we claim that J is prime to W . Assume, on the contrary, that
< < < <there is a prime p that divides both J and W . Then p is odd as it divides
< <J . Let Q be a Sylow p-subgroup of J, and let R be a Sylow p-subgroup of
JW containing Q. Then T [ R l W is a Sylow p-subgroup of W normal-
Ž . Ž .ized by Q. Hence C Q / 1. Since Q l Z G s 1, Step 5 implies thatT
Ž . Ž . Ž .C Q F N S . On the other hand, C Q F W. So Theorem I impliesT G T
< Ž . <that C Q divides 2. This contradicts p being odd. This contradictionT
< < < <proves that J is prime to W as claimed.
Ã Ã ² :From the fact that i inverts J, there is a conjugate i of i in i JW such1
ÃÃ Ã <W <Ž < < < <. <Ž . <that 1 / i i g J. Hence ii g JW. Since J , W s 1, 1 / ii divides1 1 1
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< < ²Ž . <W <:J . Let j be an element of prime order in ii . Then j is conjugate to1
an element of J by Sylow's theorem. Thus we may assume j g J, which we
² : ² :do. Since i, i is a dihedral group, i normalizes j . Since j g J and1
Ž . Ž² :. Ž . 2J l Z G s 1, by Step 5 we see that i g N j : N S . But i s 1. SoG G
i centralizes the unique Hall subgroup of S of order n q m q 1, i.e., B,
Ã Ãw xwhich implies i, B s 1, a contradiction. This contradiction establishes
Step 9.
Ž .  Ž . < 4Let U s U l E G s g g E G g leaves V invariant , and W sE E
Ž .W l E G . Since U is a strongly embedded subgroup in G by Step 9 and
Theorem 2.3, U contains a Sylow 2-subgroup of G. On the other hand, all
Ž . < Ž . < < Ž . Ž . <Sylow 2-subgroups of G are in E G as G : E G s E G S : E G s
< Ž . < < <S : S l E G divides the odd number S .
STEP 10. All in¤olutions of U belong to W and U is a stronglyE E E
Ž .embedded subgroup of E G .
Proof. By Theorem 2.3, it suffices to show that all involutions of UE
Ž .belong to W . As the Sylow 2-subgroups of G are in E G , the set ofE
involutions of U equals the set of involutions of U, which is the set ofE
involutions of W by Step 9, which is the set of involutions of W . ThisE
establishes Step 10.
STEP 11. U is a strongly embedded subgroup in E G sŽ .E
Ž . Ž . Ž .E G Z G rZ G . All in¤olutions of U belong to W .E E
x< < Ž . Ž . Ž .Proof. Suppose U l U is even for x g E G Z G and xZ G s x.E E
< Ž . < Ž . Ž .Since Z G is odd, this implies that there is an involution i g E G Z G
xŽ Ž . < Ž . < .so, in fact, i g E G as Z G is odd such that i g U l U . FromE E
Ž . Ž . < Ž . < Ž .iZ G : U Z G , we obtain i g U as again Z G is odd. From iZ G :E E
x Ž . x xU Z G , we obtain i g U . This implies that i g U l U . By Step 10, thisE E E E
implies x g U . So x g U . Hence U is a strongly embedded subgroup ofE E E
E G as asserted.Ž .
Ž .Next let j be an involution of U . Then there is an involution in U Z GE E
Ž . < Ž . <such that j s jZ G . As Z G is odd, j g U . Hence j g W by Step 10.E E
Therefore j g W as desired. This establishes Step 11.E
Ž . ŽSTEP 12. Let T / T be two Sylow two-subgroups of E G . So they are1 2
Ž .Sylow 2-subgroups of G. For any 2-group T , V T denotes the subgroup1
. Ž Ž .. Ž Ž ..generated by the in¤olutions of T. Then Fix V T and Fix V T are1 1 1 2
Baer subplanes with disjoint points sets.
Ž Ž ..Proof. By Step 10, Fix V T is a Baer subplane for a Sylow 2-sub-1
Ž .group T of E G . By Step 11, E G is isomorphic to one of the followingŽ .
Ž . Ž . Ž .groups: L q , Sz q , U q for some q, which is a power of 2.2 3
Ž Ž .. Ž Ž ..Assume, by way of contradiction, that Fix V T and Fix V T have1 1 1 2
a point Y in common.
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Ž .We will show that E G fixes Y. Suppose this is true. Then the fixed
Ž .point set of E G is a proper subset of the set of points of the plane.
However, this fixed point set is left invariant by S. This contradicts
Ž .the transitivity of the action of S on the points. We now prove that E G
fixes Y.
Ž . Ž . Ž . Ž .Suppose E G ( L q or Sz q . Then E G is generated by V T andŽ . 2 1 1
Ž . Ž . Ž .V T . Thus, in this case, E G fixes Y as asserted. Suppose E G ( U q .Ž .1 2 3
Ž . Ž . Ž .In this case, V T s Z T for a Sylow 2-subgroup T of E G and1
² Ž . Ž .: Ž . Ž w x.Z T , Z T ( SL 2, q see, e.g., DGB, p. 107 .1 2
By Lemma 2.2 and the transitivity of the action of S on the points, GY
contains a Sylow 2-subgroup of G. This Sylow 2-subgroup of G is inside
Ž . < Ž . <E G as we noted before G: E G being a odd number. Hence E GŽ . Y
² Ž . Ž .:contains Z T , Z T and a Sylow 2-subgroup of E G . This impliesŽ .1 2
Ž . Ž . Ž Ž .. Ž .that E G s E G . So E G s E G Z E G . Since E G is perfect,Ž . Ž .Y Y
Ž . Ž .this implies E G s E G as asserted and Step 12 is established.Y
By Step 12, we now can apply the counting argument in the proof of
< Ž .4 < < Ž .Step 7, as T N T is a Sylow 2-subgroup of E G s V T N T is a Sylow1
Ž .4 <2-subgroup of E G , to obtain a contradiction and complete the proof of
Theorem 1.
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